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Abstract. Consider the set of all self-avoiding walks in the squm lonice which start at (0. 0). 
end at (L .  L). and are entirely contained in the square [O. L] x IO, Ll. Associate a fugacity .r 
with each step of the walk. Whinington and Gultmann (1990) showed that the dominant walks 
have O(L)  steps when x is small and O(Lz) steps when x is large, and they conjectured that 
there is a single transition point at x = p-', where p is the inverse of the connective constant 
for (unconstrained) self-avoiding walks. We present a rigorous proof of this conjecture (and its 
analogue in higher dimensions). We also discuss what can be said rigorously about two scaling 
exponents associated with this phase transition, and compare this with analogous results that 
have been obtained exactly (and rigorously) on the discrete Sierpioski gasket by Hattod. Hattori 
and Kusuoka (1990). 

1. Introduction 

The self-avoiding walk has long been a standard model of a long linear polymer molecule 
in a good solvent (Madras and Slade 1993). The usual setting is a single walk on an infinite 
lattice, which models a polymer in a dilute solution. If we consider instead a (large) finite 
region of a lattice, then the solution changes from dilute to dense as we increase the length 
of the walk (or the fugacity for the number of steps). In fact, Whittington and Guttmann 
(1990) proved the existence of a dilute-to-dense phase transition for the model described in 
the next paragraph. The aim of  the present paper is to prove some rigorous results about 
this transition. 

To fix ideas, let us begin with self-avoiding walks on the square lattice 2'. For large L,  
consider the set of all self-avoiding walks which start at the origin (0, O),  end at ( L ,  L ) ,  
and are entirely contained in the square [O,  L] x [O, L ] .  Associate a fugacity x with each 
step of the walk. Whittington and Guttmann (1990) showed that when x is small the 
dominant walks have O(L) steps, while when x is large the dominant walks have O ( L z )  
steps. They showed that the transition occurred for x somewhere between p-' and p i ' ,  
where p is the connective constant for (unconstrained) self-avoiding walks and /LH is the 
connective constant for Hamiltonian walks in a square. They conjectured, on numerical 
grounds, that there was a single transition point at p-'. This conjecture was supported by 
a renormalization analysis (Prentis 1991) and by a correspondence with N-vector models 
(Burkhardt and Guim 1991). 

In this paper we give a rigorous proof of the conjecture of Whittington and Guttmann 
(1990). We also discuss what can be said rigorously about two scaling exponents associated 
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susceptibility x(z) for Z2 (see equation (15)). So our theorem Z.l(ii) shows that the critical 
fugacity x z  of CbzMs(x) converges to p-' as b -+ 00 (see table 2 and footnote [23] in &vi6 
et al(l993)). (We remark that the squares in zivit  et a1 (1993) are rotated by 45", but that 
does not affect our methods.) 

Two questions regarding the dense phase (x  > p- ' )  were left conspicuously unanswered 
in the present paper, namely, can we say anything rigorous about the belief that the limiting 
free energy fi behaves as ( x  - P-')~" as x decreases to p-'? And can we prove the 
existence of the limiting free energy for dense walks with free endpoints? These appear to 
be hard questions which deal directly with detailed properties of dense walks. 

There is one more intriguing question about the dense phase: can we prove the existence 
of a limiting probability distribution for any of the ensembles described in this paper, for 
any x =- ,K1? This would give a natural measure on a class of infinite, dense polymers. We 
believe that this would be easier for animals or trees than for walks. For one very special 
case, this has actually been accomplished by Pemantle (1991): he considered uniformly 
distributed spanning trees of [ - L ,  Lid, corresponding to x = +cc in our tree models. 
Pemantle showed that these distributions have a weak limit as L -+ 00, but the limiting 
objects are trees only fo rd  < 4; f o r d  2 5, they are disconnected, so the limiting distribution 
is actually on spanning forests of Zd. We do not know whether this surprising fact has any 
analogue when p-' e x e +co, or whether something similar happens for walks or 
animals. 
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